In this paper we introduce a simple procedure for computing the macroscopic quantum behaviour of periodic quantum systems in the high energy regime. The macroscopic quantum coherence is ascribed to a one-particle state, not to a condensate of a many-particle system; and we are referring to a system of high energy but with few degrees of freedom. We show that, in the first order of approximation, the quantum probability distributions converge to its classical counterparts in a clear fashion, and that the interference effects are strongly suppressed. The harmonic oscillator provides a testing ground for these ideas and yields excellent results. * Electronic address: alberto.martin@nucleares.unam.mx
I. INTRODUCTION
The superposition principle lies at the heart of quantum mechanics, and it is one of its features that most distinctly marks the departure from classical concepts [1] . Formally, the superposition principle is rooted in the linearity of the Hilbert space. A striking and inevitable counterintuitive consequence of this principle is the phenomenon of quantum interference. The simplest kind of interference is displayed in the famous double-slit experiments, first performed by Young in 1802 with light, then duplicated during the last century with all sorts of material particles.
At the macroscopic scale all happens as if, by a conspiracy of nature, the naked quantum is hidden, leaving us with an apparent world described consistently in a classical language [2] . The question that naturally arises is if quantum effects can be observed at macroscopic level. A classical illustration of the conflict between the existence of quantum superpositions and our real-world experience (of observation and measurement) is the "Schrödinger's cat", in which a cat is put in a quantum superposition of alive and dead states. A widely accepted explanation nowadays for the appearance of classical like features from an underlying quantum world is the environment induced decoherence approach [3] [4] [5] [6] . According to this theory, coupling to a large number of degrees of freedom (the environment) results in a loss of quantum coherence which leads to emergent classicality.
In this paper we introduce a simple procedure to compute the high energy regime of a general density matrix for periodic quantum systems. We show that, in the first order of approximation, the quantum probability distribution converges to its classical counterpart in a clear fashion, and that the interference effects are strongly suppressed. The harmonic oscillator provides a testing ground for these ideas as we will illustrate. We demonstrates that the classical features emerges from its quantum description in the high energy regime. This problem has been considered before by Cabrera and Kiwi [7] . In this work, they use purely quantum-mechanical results to analyze (by inspection) the amplitude of the oscillations and the spatial autocorrelation function for large quantum numbers. They conclude that even for arbitrarily high quantum numbers, a superposition of (a few) eigenstates retains quantum effects. The originality of our paper lies in the fact that we propose a wellfounded mathematical procedure for calculating the macroscopic manifestations of quantum behaviour.
The remainder of the paper is organized as follows. In Sec. II, we introduce the general procedure. The results for the harmonic oscillator are presented in Section III. Finally, some conclusions and remarks are given in Section IV.
II. GENERAL PROCEDURE
It is generally accepted that the classical and quantum probability density functions for periodic systems approach each other in a locally averaged sense when the principal quantum number becomes large [8] [9] [10] [11] , i.e.
where the interval ǫ n decreases with increasing the quantum number n. For a brief discussion of the meaning of the classical probability distribution see Ref. [11] . The local averaging of the infinite square well potential is reported in [9] and [11] . In most cases, Eq. (1) is very difficult to calculate analitically. We briefly review an alternative procedure to compute the local averages appearing Eq.(1) [12, 13] . Supported by the harmonic analysis criteria, the authors write the classical and quantum distributions as a Fourier expansion,
where f QM n (p) and f CL (p) are the Fourier coefficients of each expansion respectively. An immediate consequence of Eqs. (1) and (2) is that the Fourier coefficients have a similar behaviour for n large,
Note that Planck's constant keep a finite value, so -dependent corrections may arise in Eq.(3). This implies that even at macroscopic level the Heisenberg's theorem works. Finally calculating the inverse Fourier transform of the asymptotic Fourier coefficients we obtain, at least in a first approximation, the classical probability density. Analytical results for the simplest quantum systems were reported [12, 13] . Now we focus on the general problem. Let us consider a physical system described completely by the HamiltonianĤ. Let {|ψ n } be an orthonormal basis of eigenvectors of Ĥ with eigenvalues E n . If the initial state |Ψ (0) has coefficients c n = ψ n |Ψ (0) , then the state at a later time t, according to Schrödinger equation, is given by
The corresponding density matrix readŝ
The terms m = n embody the quantum coherence between the different components |ψ n . Accordingly, they are usually referred to as interference terms, or off-diagonal terms. Consequently, the expectation value of the arbitrary observable O is given by
with
To explain our procedure, let us consider the coordinate representation of the matrix density. Its components are given by
. It is well known that space and time play fundamentally different roles in quantum mechanics: whereas position is represented by a hermitian operator, time is represented by a c-number [14] . Then we study separately the roles of space and time in Eq. (7). We first consider the spacial behaviour.
It is well known that for periodic quantum systems, nodes are always present in the density matrix (by means ofρ n,m (x)) for arbitrarily large quantum numbers, and thus the study of its macroscopic behaviour naturally implies an average process. To this end we extend the Fourier expansion in Eq.(2) to the spatial components of the matrix density (7),
where f n,m (p) are the Fourier coefficients of the expansion. Physically the Fourier coefficients
, where φ n (p) is the wavefunction in momentum representation. Subsequently we consider the spacial asymptotic behaviour of the Fourier coefficients for large quantum numbers, and finally its inverse Fourier transform gives the desired macroscopic behaviour ofρ n,m (x). According to our macroscopic-world experience, the interference effects are completely suppressed. For instance, no one has ever seen a ball going through two directions at once [2] . Therefore, the asymptotics ofρ n,m (x), for n = m, should be strongly suppressed.
We now study the temporal behaviour. We observe that Eq. (7) is an almost periodic function of the time (except for the diagonal terms), even for arbitrarily high energies. It is clear that the off-diagonal terms are a rapidly oscillating functions of the time when the energies differ significantly, and a slowly varying functions if the energies are close each
other. This means that in the macroscopic regime becomes important only the interference between states with high energies E n and E m , such that |E n − E m | = E υ and E υ ≪ E n .
Under these conditions the quantum-mechanical frequencies goes to its classical counterpart [15] , i.e.,
where we used the standard definition ω CL ≡ 2π
∂En ∂J
, where J = nh is the action [16] .
We conclude this section with the final expression for the macroscopic density matrix in coordinate representation, i.e.,
where we have included the spatial and temporal analysis described above. We observe that (10) is the Fourier expansion of a classical function, which can be inmediately identified with the classical probability distribution ρ CL [x (t)]. Note that the long-time behavior of ρ (x, t) converges towards n |c n | 2ρ n,n (x), in agreement with the classical result. We point out that in our work the macroscopic quantum coherence is ascribed to a one-particle state, not to a condensate of a many-particle system. We are referring to a system of high energy, but with few degrees of freedom. In the next section we present analytical results for the harmonic oscillator.
III. MACROSCOPIC DENSITY MATRIX OF THE HARMONIC OSCILLATOR
The harmonic oscillator provides a testing ground for these ideas as we now illustrate.
We first consider again the spacial behaviour. The energy eigenfunctions and eigenvalues of the corresponding Schrödinger equation are well known. The quantized energies are given by
with n ∈ Z + , while the stationary states can be written as follows
where α = mω . The spatial components of the matrix density are given bỹ Figure 1 illustrates the spatial componentsρ n,m (x) for different values of n and m. In Figs. 1(a), 1(b) and 1(c) we first consider the smooth oscillatory quantum regime for n = 1 and m = 1, 10, 20, respectively. When increasing the quantum numbers,ρ n,m (x) becomes a rapidly oscillatory functions around the x-axis. This is illustrated in Figs. 1(d) , 1(e) and 1(f) for n = 100 and m = 100, 125, 150, respectively. As we anticipated, nodes are always present for arbitrarily large quantum numbers. Note that the number of nodes increase with decreasing the difference n − m. It is clear that, after the local averaging process, the off-diagonal components will be strongly suppresed compared with the diagonal terms. Now we focus on applying the procedure presented in Sec.I.
We first calculate the Fourier coefficients appearing in Eq.(8). The corresponding inverse
Fourier transform is reported in many handbooks of mathematical functions [17, 18] :
where
and L n−m m is an associated Laguerre polynomial. In this expression it can be seen that the correlation between two wave functions increases as the difference n − m decrease.
The asymptotic behaviour of f n,m (p), for n and m large, is also well known. Szegö finds the following iterative relation for n large [19] :
where J υ and Y υ are the usual Bessel functions of the first and second kind respectively, and
. Szegö also shows that the iteration terms are strongly suppressed compared with the first order of approximation in the limit N → ∞. In this paper we will consider only the first order of approximation, however the higher orders of approximation follows immediately from Eq. (15) . The asymptotic behaviour of the Fourier coefficients is then
with N = n − υ−1 2
and υ = n − m, such that n ≫ υ ≥ 0. In Eq. (16) Finally the macroscopic behaviour ofρ n,n−υ (x) is obtained by substituting the Eq. (16) into Eq.(8) and calculating the resulting Fourier transform. In Refs. [20] and [21] is reported the Fourier transformation of Bessel functions. Our final expression for the asymptotic behaviour ofρ n,n−υ (x) for large quantum numbers is theñ
where χ n,n−υ ≡ 2N mω , T υ is the Chebyshev polynomial of the first kind and Rect is the rectangular function. Note that the rectangular function restricts the domain of (17) to
We observe that the diagonal terms in (17) are simplỹ
. Note thatρ n,n (x) coincides with the probability density of a classical harmonic oscillator with amplitude x n . Rearranging the expression for χ n,n we obtain 1 2
, which is the well known expression for the classical energy.
Therefore we have shown that the classical features (e.g. amplitude, energy, probability distribution and the confinement effect) naturally emerge as the first order of approximation of quantum mechanics in the high energy regime. When considering higher orders of approximation in (18) we observe macroscopic quantum behaviour. For example, a residual oscillatory behaviour (in all space) is retained inρ n,n (x) even for arbitrarily high quantum number n [12] . This is because keeps a finite value, and thus the Heisenberg's theorem still works. The exact classical result is recovered if we take → 0, however is a fundamental constant of nature whose numerical value although small is not zero.
The exact classical limit requires the off-diagonal terms equal to zero (means no interference), however according to our result (17) Regarding to the temporal behaviour, from Eq. (7) it follows that the off-diagonal temporal terms in the matrix density are simply e −iυωt , were we used (11) . We observe that the frequency of the temporal oscillations increase as we move away from the main diagonal. In this case the high energy temporal behaviour is exactly the same as its low energy counterpart (with the same υ). In the macroscopic regime υ ≪ n therefore e −iυωt is a slowly varying function.
To complete this section we write an asymptotic expression for the expectation value of an arbitrary observable O. According to our results O will be, at first order of approximation, the classical expectation value O CL plus corrections coming from the possible interferece between states, i.e.
. We can also evaluate higher orders of approximation in a simple fashion [19] , however these are strongly suppressed compared with Eq. (19) . In practice only a few number of terms are important in the summation. Because the properties Eq. (19) vanishes for k > υ [17] . Therefore x and x 2 requires only υ = 1, 2, respectively.
We point out that the ergodic behaviour of Eq.(19) yields the correct classical expectation value.
IV. FINAL REMARKS
It is well known that the concepts of classical and macroscopic systems are distinct, as the existence of macroscopic quantum phenomena (such as superconductivity) demonstrates, but the behaviour of most macroscopic systems can be described by classical theories [22] .
In this paper we have shown that quantum mechanics is applicable in every scale of nature, and the macroscopic regime emerge as a consequence of its high energy behaviour.
Quantum effects remains at this level (called macroscopic quantum behaviour), as the interference between quantum states. It would be interesting to test these effects with real quantum systems approaching the microscopic-macroscopic boundary, as Rydberg atoms or neutron interferometry for example. At higher energies these macroscopic quantum effects are so strongly suppressed that it is impossible to detect, leaving us with an apparent world described consistently in a classical language. With the appropriate experimental devices such effects should be observed even in our real-world experience, however nowadays it is impossible.
Technical difficulties in the calculation of the Kepler problem are greater than in the simple case which we have treated here, however we can definetly foresee that our procedure gives its correct macroscopic behaviour. Even though our approach gives the correct classical results for periodic quantum systems, it is far from the general solution to the classical limit problem. Several other questions remain to be resolved as the study of unbound systems and entanglement, but is not clear in the framework adopted here. The environment induced decoherence approach successfully resolves these problems.
Based in our results, in our future research we intend to concentrate on the definition of the classical regime, which is of considerable importance in the study of quantum chaos.
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